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ABSTRACT (MAP) problem. A distinctive advantage of this formulation is that

The LMS algorithm is one of the most popular adaptive filter al- It iS @ unified approach by which a wide range of existing LMS

gorithms. Many variants of the algorithm have been developed for &!gorithms in their generalized form can be derived. These algo-
different applications. In this paper, we propose a unified model- rithms include the classical LMS, the normalized LMS, the signed

based approach for developing LMS algorithms. We use a numbertMS [2], the prqportionate LMS and the proportionate normalized
of probability density functions to model the filtering error and the LMS [4, 5]. This approach also opens new pathways to explore
filter coefficients. The filter coefficients are determined by max- different model settings that lead to LMS algorithms with desired
imizing the posterior distribution function. We demonstrate that Properties such as sparseness and robustness. The sparseness and
using this approach, we can not only develop existing LMS algo- robustness constraints are imposed naturally by specifying suit-
rithms with further insights, we can also explore a number of new able prior distributions for the coefficient vector and the likelihood
algorithms with certain desired properties such as robustness andunctions for the data [13-15].
sparseness.

2. PROBLEM FORMULATION

1. INTRODUCTION o . .
We formulate the problem of determining the filter coefficient vec-

The classical LMS algorithm [1, 2] can be summarized as the fol- tor w as a maximum a posteriori (MAP) estimation problem
lowing. Given the input data vectsr of M elements, the desired

scaler outpuy, a linear model W = arg maxp(wly, s, ) 3)
T
y=w x+e @) whereH represents the assumptions about the statistical model of
and the filter coefficient vector from the previous iteration, the thg modelling errors and the prior.model for the filter coefficients.
current coefficient vector is given by Using Bayes' theorem, we can write
W =s— puéx ) p(wly,s, H) o p(y|w, H)p(s|w, H)p(w|H) 4)

wherey is an adapt:f;ttion constant that determines the step-size ofSince it is easier to work with the logarithm of the conditional
the update and = s” x — y. We also define the difference vector  density function, we define the following cost function
r = w — s. Thenth element of the vectow is denoted byw.,,.

The same notation is used for other vectors. J(w) = —logp(wly,s, H)
In the following, we briefly review optimization-based research = —logp(y|w, H) — log p(s|w, H) — log p(w|H)
and recent developments in LMS algorithm related to this work. (5)

A representative example of formulating the development of the Note that we have omitted unrelated constants in the cost function.
LMS algorithm as a constrained optimization problem is that of To obtain a MAP estimation of, we calculate the gradient of the
the normalized LMS algorithm [1], which is generalized in [3]. In  cost function and set the result to zero.
a recent paper [4], the sparsity of the coefficient vector is consid- Statistical models may be specified according to different con-
ered and algorithms are developed based on solutions to a numsiderations. For example, a Gaussian distribution can be used to
ber of constrained optimization problems. LMS algorithms with model the filtering error. If robustness to outliers is required, we
sparse coefficient vectors, which arise from echo-cancellation ap-could use other distribution functions such as Laplacian and Hu-
plication [5], have been proposed by researchers using the expober’s M-estimator to model the error. The second term in the cost
nentiated gradient [6], the natural gradient [7] and the approxi- function is mainly responsible for the smoothness constraint for
mate natural gradient [8]. On the other hand, an LMS algorithm, the filter coefficient vector from the previous iteration to the cur-
which is robust to outliers, is desirable in many applications. Ro- rent iteration. This constraint can be imposed by using a Gaussian
bustness can be achieved, from an algorithm development pointdistribution or a generalized Gaussian. It also affects the conver-
of view, by using Huber’s M-estimator [9] to measure the filtering gence rate as well as the stability of the iterative algorithm. Gen-
error [10, 11], or by using a mixed-norm for the error [12]. erally speaking, tightening this distribution increases smoothness
This study is motivated by the optimization approach for the and improves stability of the iteration at the expense of the con-
LMS algorithm development. We formulate the problem of de- vergence rate. The last term in the cost function is related to the
veloping an LMS algorithm as a maximum a posterior estimation prior distribution of the filter coefficients. The simplest choice is



l | plylw,H) [ plw,H) [ pwH) |
Section 3 Gaussian Gaussian uniform
Section 4| Laplacian, M-est. Gaussian uniform
Section 5 Gaussian gen. Gaussiar uniform
Section 6 Gaussian Gaussian | gen. Gaussian

Table 1. Model settings in sections 3 to 6.

the uniform distribution which makes the last term a constant. Us-
ing the uniform prior, the MAP estimation problem reduces to a
maximum likelihood (ML) estimation problem.

However, interesting algorithms can be derived by setting the
prior distribution to Gaussian, Laplacian and generalized Gaus-
sian. Such settings are well justified in terms of controlling the
model complexity to avoid over-fitting the data [14]. Due to space
limitation, we only present algorithmic development results with
certain model settings shown in Table 1. Other combinations of
model settings can be studied following similar methods outlined
in this paper.

3. ALGORITHMS BASED ON GAUSSIAN MODELS AND
UNIFORM PRIOR

The cost function, ignoring the constants, can be expressed as

(whx —

5 y)2 + %rTA—lr

whereg? = 1/, is the variance of the modelling error, aAdis
the co-variance matrix.

(6)

3.1. Algorithms without error approximation
The MAP estimate of the filter coefficient vector is given by

ge

1+ BxTAx Ax ()

W =8 —

In a special case whetd ! = diag[a.,], the filter coefficients
are updated according to

W = (8)

Sm — ea:m

1+Zk 1/“@3%

whereu,, = 3/am, which is the signal (coefficient) variance to
noise variance ratio. In another special case where o2 1, we
have L
- ¢éx 9

T+p 221:1 i ©
wherep = o2, /02. Equation (9) represents a normalised LMS
(NLMS) algorithm which is a special case of that represented by
equation (8). We note that in the above development of the NLMS
algorithm, the step-sizg is introduced as a natural result of the
MAP optimization process. This is in contrast to the development
in [1], by which the step-sizg is not a result of the optimization.

3.2. Algorithms with error approximation

The classical LMS algorithm can be derived when we use the ap-

proximatione ~ é
VJ(w) Bex+ A 'r

Béx + A 'r

R

(10)

Therefore we have

w =8 — [BéAx (1)
In a special case whetd ! = diag[a.,], the filter coefficients
are updated according to

(12)

where u, = B/an. This is the classical LMS algorithm with
an individual adaptation constant for each filter coefficient. In an-
other special case whete = 021, we have the classical LMS
algorithm

Wm = Sm — Mmémm

W =8 — uéx (13)
wherey = 02 /o2,

To summarize, we can see that the classical LMS and the
NLMS algorithms can be easily derived from the MAP approach.
In both algorithms, the adaptation step-sizés expressed as the
ratio of the coefficient variance to that of the error. As such, when
we know the noise variance?, 1 is determined by2,. On the
other hand, wher? is fixed, x can be estimated in each iteration
through the estimation of the noise variance.

4. ROBUST LMS ALGORITHMS

In this section, we study LMS algorithms that are robust to a small
number of large errors. We consider two models for the error:
Laplacian and Huber’s M-estimator. A Gaussian model is assumed
for the filter coefficient vector, and to simplify our discussion in
sub-section (4.2) , we assume that= ¢ T (see equation (14)).

4.1. LMS algorithms based on Laplacian distribution
The cost function is given by
1 _
Jw)=alw'x —y| + érTA 'r

(14)

We consider two cases. In the first case whete 0, the problem
becomes the following constrained optimization problem

%I‘TA71
wix=y

mimimize

subject to (15)

This is the problem used in the original development of the NLMS
algorithm.

In the second case, we conside# 0. We have the following
results

VJ(w) = Bsign(e)x + A" 'r =0 (16)
This equation is equivalent to the following equation
e =é — fBsign(e)x” Ax (17)

It can be easily shown that for the above equation to have a solu-
tion, the following conditions must be satisfied

le| > px" Ax (18)
and
sign(e) = sign(é) (19)
Therefore, we have the MAP estimate feor
w = s — f(sign(é)Ax (20)
WhenA = ¢21, we have the so-called signed-LMS algorithm
w =s — usign(é)x (21)

wherey = o2 /o2.



4.2. LMS algorithms based on the M-estimator As such, we hav® = diag[a.]. In order to obtain a closed-

. . . .. form solution, we use Taylor series as an approximation
Using Huber’s formulation of M-estimator [9], the cost function is

iven b m|27P
auenty T\ 1 wm = s = PP+ 2 - )P 29)
J(w)=p <y> + Q—QrTr (22) m
Te Ow With this approximation, we can show that
where L . i = (3= Pl (30)
=1 2 e s 23
It =5y, if ] >y Therefore, the MAP estimate is given by
Following the same procedure, we have the following results é R
w=s— ——Dx (31)
B % + xTDx
_ ) s p———x, if e[ <0 o4
w L4 px® x £ 1ol > 8 (24) It is interesting to note that when we use error approximatiené
s — pyoesign(e)x, if ¢] > in equation (27), we have
wherey = 02 /02 andd = vo. (1 + ux” x). We can see that the wes_ P iDx (32)
above LMS algorithm switches between the two update options: B pa

the normalized LMS and signed-LMS. The switch is controlled
by previous modelling error and the three parame#étss2 and
~. If the first two parameters are fixed, then the behaviour of the

When we substituté,,, into equations (31) and (32), we have the
following updating equations

algorithm is mainly controlled by. If the value ofy is sufficiently é 2—p
large, then the algorithm is mainly a normalized LMS algorithm. Wm = Sm — — M 2 po2 |sm|" "zm  (33)
On the other hand, if it is sufficiently small, then the algorithm is G5 T D lskl*Pag
mainly a signed LMS algorithm. and
W = Sm — B=p)s p)ﬁ|sm|27péxm (34)
5. PROPORTIONATE LMS ALGORITHMS pa

We see that equations (33) and (34) represent a family of the
In this section, we consider a Gaussian model for the modelling Proportionate normalized LMS (PNLMS) and the proportionate

error and a generalized Gaussian model for the filter coefficients LMS (PLMS) algorithms, respectively. We can also see that the
two equations (31) and (7) are similar. In fact, whes: 2, equa-

M tion (31) is in the same form as equation (9). However, there is a
p(wls, H) = cexp | —« Z |7 |” (25) distinctive difference between the two. In equation (7), the matrix
o A is a co-variance matrix with free parameters that serve as adap-

tation constants. On the other hand, in equation (31), the matrix
wherec is a normalization constant; andp are two parameters. D js a diagonal matrix whose elements are given by equation (30).
The Gaussian and Laplacian distributions are special cases whereqhis |eads to different results for different settinggofrherefore,
p = 2andp = 1. When0 < p < 1, it has been demonstrated equation (7) represents a general proportionate normalized LMS
that sparse solutions are possible [15-17]. The cost function anda|gorithm (PNLMS) with matrixA to be specified, while equation

its gradient are given by (31) represents a specific PNLMS algorithm.
M
J(w) = gez ta Z || (26) 6. LMS ALGORITHM WITH SPARSITY CONSTRAINT
m=1 In this section, we consider Gaussian models for the filtering error

and and the smoothness constraint, and a generalized Gaussian distri-

VJ(w) = fBex 4 paD " 'r @7 ]Icouur?é)t%;or the prior density. We have the general form of the cost
whereD = diag||r.,|>"?]. Determining a vectow that min- Jw) = 182 4 LarTr o L 35
imizes J(w) for p # 2 is not a trivial problem. Fop = 1, (w) 266 2 * pv\lwllp (35)

the problem can be casted as a second order cone program [181Nhere||w|| _ ZM |wm|?, 0 < p < 1. The gradient is given
An alternative way is to use the idea of iterative re-weighted least p m=117ml T = 2=

squares [19] which iteratively solves equation (27) ¥orby as- v.J _ + —s)+-B 36
suming a fixed matridD. However, both methods require substan- (w) = fex + o(w —s) +1Bw (36)

—di —2
tial amount of computation when compared to that required by the WhereB = diag[|w.[*~7].

classical LMS algorithm. It can be seen that setting equation (36) to zero results in a set
In order to simplify the algorithm, we follow a similar idea as of nonlinear equatlon_s. A closed form solutlon_ iorl_s not Qossp
that of the EM algorithm [20] and replace the element®ofuith ble. We study a solution based on two approximatiens: & and

B =~ diag[|sm |"~2]. With these approximations, we can derive an

their respective minimum mean square error estimate L >
update-equation for each element of the coefficient vector

Gm = /|rm|2—l’p(wm|y7 Sm, H)dWm. (28) Won = T (Sm — ﬁémm) (37)
a
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Fig. 1. The nonlinear relationship betwean, (horizontal axis)
andn,, (vertical axis). In the left panel, we fix = a/y = 1 and
plot three caseg = 1,0.5,0.1. In the right panel, we fix = 0.5

and plot three cases whetg~y = 4,1, 0.5.

where
1
SlsmPrH1

We can see that this is a shrinkage-version of the classical LMS

algorithm. The shrinking factor ig,,. The ratioa;/~ controls the

[3] S. C. Douglas, “A family of normalized LMS algorithms,”

(4]

(5]

IEEE Signal Processing Lettol. 1, no. 3, pp. 49-51, March
1994.

B. D. Rao and B. Y. Song, “Adaptive filtering algorithms for
promoting sparsity,” inProc. IEEE ICASSPvol. VI, 2003,
pp. 361-364.

D. L. Duttweiler, “Proportionate normalized least-mean-
squares adaptation in echo cancelelSEE Trans. Acoust.,
Speech, Signal Processingol. 8, no. 5, pp. 508-518,
September 2000.

[6] J.Benesty, Y. Huang, and D. R. Morgan, “On a class of expo-

[7]

(8]

9]

relative weighting we impose on the two constraints. The shrink- [10]

ing factorn,, reduces towards 0 ds.,| decreases. Noting that
wm, ands,, are the current and previous results from iterative al-
gorithm,w.,,, = 0 is a fixed point of the nonlinear update equation.

Furthermore ., =~ %|sm|2’p when|s.,| is sufficiently small,
whencew,, = 0 is a stable attractor as long & < 1. Conse-

quently, robust sparseness becomes a built-in property of the iter-

ation.

To understand the role of the shrinking factor, we plot it as
a function ofs,, under different conditions. In the left panel of

Figure 1, we show,, as a function of,,. We fix /vy = 1 and
plot three cases whege = 1,0.5,0.1. In the right panel, we fix
p = 0.5 and plot three cases whete/'y = 4,1,0.5. We can
see that there is nonlinear relationship betwegnand s,,. A

smaller value ofs,, | leads to a smalley,,,, which makes a larger

shrinkage.

7. CONCLUSION

In this paper, we propose a unified approach for developing the
LMS algorithms. We formulate the problem as an MAP estima-

(11]

(12]

(13]

(14]

(15]

tion problem which permits us to explore different model settings [16]
based on practical considerations. In particular, we have developed

several well known LMS algorithms as well as algorithms that are
results of MAP optimization with desirable constraints such as ro-

bustness and sparseness.
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